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Abstract. Coherent states are studied within the framework of complex measurable processes.
It is shown that squeezed states can be accommodated within this framework and all the relevant
results relating to squeezed states are derived. A generalization to complex coordinates is also
provided and it is shown to lead to the Wigner distribution in a natural way.

1. Introduction

The object of this paper is to establish the viability of the complex measure theoretic
framework to accommodate the coherent state and squeezed state extensively discussed in
the literature (see, for example, Glauber (1963), Sudarshan (1963), Yuen (1976), Loudon
and Knight (1989)). Complex measurable processes were introduced earlier (Srinivasan and
Sudarshan (1994), Srinivasan (1995, 1997) referred to as papers I, Il and Il respectively),
mainly to describe quantum phenomena by an enlargement of the notions of probability
based on positive definite measures. Instead of interpreting the two slit experiment as a
symptom of failure of classical notions, it was proposed that a framework of an extended
measure can form the basis for a theory of quantum phenomena. In paper Il, the harmonic
oscillator was discussed in all its details since it forms the basis for the discussion of
the general problem of radiation. The discussion of the forced harmonic oscillator was
continued in paper Il where it was shown that the problem of interaction of radiation with
matter could be accommodated within the framework of complex measure and measurable
processes. The present contribution is in the same spirit and we show how the coherent
state and the squeezed coherent state can be accommodated within the complex measure
theoretic framework (CMTF).

The layout of the paper is as follows. In section 2 the displaced oscillator is identified
as a Markov process with appropriate drift and diffusion functions. The complex measure
density is then arrived at as the solution of the resulting Fokker—Planck equation: the
properties of the coherent states are then derived. Section 3 deals with the squeezed coherent
state in a similar manner. The next section deals with the complex coordinate representation
for an oscillator and it is shown to lead to a Wigner distribution. The final section contains
a summary and discussion of the main results of the paper.
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2. Coherent state representation

We first consider the harmonic oscillator in the CMTF. At the outset we note that the basic
assumptions are as follows:

(i) the underlying complex measurable stochastic pro¢&ss); > 0} is Markov and
the measure of any (measurable) set is absolutely bounded;

(ii) the diffusion and drift limits do exist in the sense that

_ 2 _ —_
i EXG+ A0 —XOP | X0 =x} _ ik -
A—o00 At M

A“m E{[X(t + Ar) —A?f(t)] | X(1) = x} 9D — —iwx. 2.2)

If we introduce the complex measure density (CMD)x | xo; t) by
Prix < X(t) <x+ A | X(0) = xo}
A

then it is shown in paper Il thafl(x | xo; ¢t) satisfies a Fokker—Planck equation provided
the total measure is constrained to be unity and the solution itself is given by

. . 1
Mo [x € — xg]? Mo \2
(x | x0; 1) [exp( 7 ot _ 1 nh(eZIwI -1 ( )
We can indeed generate a stationary process by receding the time originoto The

stationary complex measure density turns out to be real and can be identified as the limit
of IT ast — oo (under the gimmicky — w — ie€)

[(x | x05 1) = A"_r)noo (2.3)

Mowx?

IM(x) = tIim (x| xp; 1) = (%)2 exp( - ) (2.5)

The modulus measure density introduced in paper | is indééd itself. Incidentally,
we have the result that the ground state is the only state that is stationary in the strict
probabilistic sense, its probability density being specified by (2.5).

Next we note that the modulus measure introduced here extended to all measurable sets
can be shown to lead to a Hilbert space (see paper lll). Generalizing the results of Feller
(1971), we can introduce the square rgobf any complex measure densify and define
the norm||g|| by

gl = f[g(x)]zdx

= /[f(x)]dx < .

The class of all functiong will be denoted byL?; the norm induces the natural metric
(g1, g2) and the metric spack? is complete with the inner product defined by

(g1, 82) :/gl(x)gz(x)dx

so that the space is rendered to be a Hilbert space. Thus, we have a fusion of probability
with Hilbert space and we are comfortably placed to answer questions that are raised and
answered in the conventional treatment of quantum phenomena.

The measure density given by (2.5) pertains to the coordinate of the harmonic oscillator.
To deal with the momentum, we attempt to be in strict conformity with complementarity
principles; the duality principle of de Broglie can be subsumed (see, for example, Misner
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et al (1972)) by taking the momentum as the dual variable and dealing with the Fourier
transform of the square root @t

~ 1 1 H T 1
Nz(p) = — [ e/ 2(x)dx. 2.6
»=—= x) (2.6)
The modulus square i yields the momentum distribution
=1 odp  dp p?
Mz(p)P— = ——exp| — —— 2.7
Pl = Mo Xp( Mo @7

from which we conclude that the variance of the momentris given by

h
VarP = EMw' (2.8)

The uncertainty principle (now confined to the ground state) is expressed in terms of the
variances ofX and P.

To deal with the coherent state, we modify the drift term defined by (2.2) to correspond
to the displaced oscillator

im EIXGHAD - XN XO =x) _ o 2.9)
A—00 At
where 8 is an arbitrary complex number. Then the conditional complex measure density
I(x, 7 | xo; tp) satisfies the Fokker—Planck equation
oll(x, t | xo, tp) in BZH(x,t | xo, to)
ot - 2M ax2
with the initial condition

I (x, to | X0, o) = 8(x — x0). (2.11)
The above equation can be solved and we obtain

3 —8)@oT _ (xq—
II(x,t | xo0, t0) = (M—“;ZIM)) exp( — @[(x pre (X0 ﬂ)]> (2.12)

020~ B0, |0, 10)] + (2.10)

ah(l— h 2ol _ 1

whereT = — ry. The stationary-state solution corresponds to the ground state and is the
limitasT =1 — 19 — oo of I1

IM(x, B) = limI(x, 7 | xo, to) = <%)2 exp( — %(x - /6)2). (2.13)

It is worth noting that the limit is still a complex measure density (CMD). Settihg: 1, we
note that the coherent state wavefunction (Glauber 1963, Sudarshan 1963) can be obtained
by taking the square root of the CMD with the identification

@ = (%_)ﬁ (2.14)

It is worth noting that Sudarshan usesn the place ofa (see Klauder and Sudarshan
(1968)). Questions relating to momentum are answered by resorting to a Fourier transform
of the square root of the CMD

Nl

- 1 At
Nz(p, B) = E/e'ﬂ”"nzu,ﬂ)dx

_ (ﬂ) exp(_ {(p —ipw)* [+ (Im ﬁ)z]w})‘ 2.15)

Tw 2hw 2h
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If we take the modulus square, we obtain the results corresponding to the observable modulus
measure of the relevant densities

%
Hn@ﬂﬁ=MHwﬂﬂ=c%)em(—%@—R%f> (2.16)
. dp [ 1 \2 — wlm )2
Mua(p. $dp = NIt = P (—_) exp( - @_—m)dp (217)

Twh how
where N, the normalization constant, is so chosen that
/nnmﬂMx=1 (2.18)

which by Plancharel's theorem ensures thai(p, 8) is a conserved momentum density in
the sense

[ e prap = [ M. pras. (2.19)
Using the modulus measure density, we obtain
o\ 2
w
E[P] = wfr = wIm B = (2hw)? Ima (2.21)
VarX = i (2.22)
ga)
Var P = }%w (2.23)

To establish further correspondence with the results of Glauber and Sudarshan, we start with
the CMD of the stationary state of the displaced oscillator

Mey(x. ) = (%) exp( Mo ﬂf2>2) (2.24)

where the particular choice ¢f is to make the correspondence with Sudarshan’s results
complete. We seb =h = 1= M and introducepg(x) by

¢p(x) = Nllgyy(x, B) (2.25)
where N is so chosen to render the total modulus measure unity
N = exp(=2(Im B)?). (2.26)

We next note that the square rq&ﬁ(x) of ¢s(x) belongs to the Hilbert space defined earlier
and we can conveniently deal with the projections for they acquire a special meaning in
the complex measure theoretic framework. The inner product corresponding to the CMD
labelled byg and« is defined by

(ﬁ¢$=/ﬁmﬁum» (2.27)
Evaluating the integral, we obtain
(02, 62) = explap — Lol — 3IBI + ianas — iB1fs) (2.28)

which is in agreement with the Glauber—Sudarshan formula except for the phase factors. In
the CMTF the phase factor is unique and follows from the fact that all complex measures
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1
are normalized to unity. It should be noted tbbét represents the same state as that denoted
by |8) in conventional treatment and the left-hand side of (2.28) is nothingduis).
In a similar way we can evaluate the inner product with the Hermite functigns
which legitimately belong to the Hilbert space in question. Thus we find

1 n 2
(n|B)= (95, pn) = ('BI) exp( - % - i,Bl,BZ) (2.29)

1
ni)z

a relation form which we have

Y (BInn|a)= exp{aﬂ - %|oz|2 - %w — oy + iﬁlﬂz} (2.30)
in agreement with the Glauber—Sudarshan formula except for the phase factors. In the
CMTF the phase factor is unique and follows from the normalization (2.25). Generally
some arbitrariness arises in the conventional treatment; instedoh g2, (Im )% — 818,
is used. This is due to the fact that the constant tgfnis replaced by1/2)%+(1/2)|8|? so
that the real part completes the square of the argument under the exponential. In the CMTF
B? — B? + (ImB)? due to normalization of the modulus measure so that the imaginary
part is left intact. The phase factors disappear in the final estimate when we resort to the
modulus measure.

Next we show that any CML) rather than its square root can be expressed in terms of
the measure functions corresponding to coherent states. To do this we first form the scalar

product of £% with ¢

1 1 1 1
(rhoh = [ Fweiods (2.31)
To evaluate the integral, we note tryéi admits an expansion in terms of Hermite functions
1 1
2= fidnx) (2.32)
whilet
200) — la?/2_%
Pi(x) =) ¢ulx)e v (2.33)
Thus we have
1 1 1 2 M
(f2.08) =) fa€"P—xy
f Yo IS
= fi(q)e 2 (2.34)
where
1 1 &m
2(q) = " . 2.
fr@ ijf s (2.35)

It is to be noted thatf% (a) is a function of the complex variable associated with the
CMD f(.) which is a complex valued function of a real argument. Thus, we are led to
an analytic function of the complex variable as in coherence theory; we can now take the

1 From now on we dispense with the phase factors in choasing be in conformity with conventional treatment.
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1
scalar product withp;. To do this we can use the operations which are now well defined
in the CMTF:

Y Blayel f5) =D (Bla)y (e|mym]| f2)

which is the analogue of equation (4.8) of Glauber (1963). We can now exﬁie(ﬁd in
Taylor series to obtain finally

(B1f2)=expi—3IBA) /1 (B) (2.37)
which leads to a more general projective relation

11 1 —T— 1 _ _
(g2, f?) = p / exp(—181%) &2 (B) f2(B) d*(B). (2.38)

Thus the correspondence is extensive in all respects. Finally, we observe that it is indeed
possible to regard(B8) as a (complex measurable) random variable. If we denotg (ay
the complex measure density, the following special choice® @f), lead to interesting
cases known in the literature:

(i) the choiceP(x) = §(e — ap) leads to the coherent state (a Poisson distribution for
the number of photons);

(i) the choice P(x) = (1/7 (n)) €19/ leads to thermal light (the Bose—Einstein
distribution for the number of photons with) as the mean number).

If the complex measure density in (i) is centred arougdthen we obtain the familiar
case of the amplitude mixture of coherent and chaotic streams. Thus the nadtétjois
deliberate to bring out the analogy with ti®efunction of Glauber—Sudarshan.

3. Squeezed coherent state

At the outset we note that in the CMTF the diffusion constant fixes the scale of variance;
accordingly we modify the diffusion function by assuming
ihA

_ 2 —
lim E{{X@t+A)—X®D]?| X(t) = x} _op— 3.1)
A—00 A M

where A is an arbitrary positive real number. The drift function is taken to be specified
by (2.2). Then the conditional probability measure denslitysatisfies (2.10) wherg is
replaced by:). It is convenient to specify. by

r=e% (s > 0). (3.2)

Then we find that the stationary-state solution is given by

Mo : Mo
Msig = (ﬁ) exp(— ﬁﬁ). (3.3)

The expected values are still given by (2.20) and (2.21). The variances are now modified

h
VarX == m e_zs (34)
hoM
VarP = wT e”. (3.5)
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It is convenient to introduce the dimensionless variabteand ¥
1
N Mw\?
X=—)] X 3.6
( - ) (3.6)
Y = QhiMw) 2P 3.7)
so that we have

VarX = 1e® Vary = 1¢e* (3.8)
VarX Vary = X (3.9)

ENTE

Next, we can consider a more general type of squeezing by modifying (3.1) by

_ihA
M

whereA = A1+iA5 is an arbitrary complex parameter with > 0. The stationary solution
is how given by

([ Mo)? Mo,
Mxy(x) =IlimII = <_nEA> exp( T > (3.12)

We introduce the normalized measure densgityx) by

2D (3.10)

¢x(x) = NIlx(x) (3.12)

so thatN [ |I1(x)|dx = 1. The variance follows from the modulus measure density

11A%2 R
varX = - — — 3.13
2 A1 oM ( )
. 1]A)2
VarX = —u. (3.14)
4 Ay

The Fourier transformpé(p) of ¢)%((x) is given by

L AR Ap?
ép(p) = (JTMLL)) eXp<— m) (3.15)

so that the modulus measure density of the momentum is given by

1
1 1 A1 2 A1p2
LA = 92(p))P==( = exp|[ — =——). 3.16
d11(p, A) = |9 (p)| 7 (hrer) p( Mo (3.16)
Thus we have

1hoM A 1
Varp = =% var? = ZA; (3.17)

2 A 4

. .1 A2 1

VarXVary = — [1+ =2 ) > —. 3.18
16< * Ai) 16 (318)

When A, = 0, the product of the variances is a minimum. We can set

A=Y = coshs v = &’ sinhs (3.19)
u+v
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to be in conformity with Caves (1981) (see also Loudon and Knight (1987)); then the
variances take the form

h o 0 s o0
VarX = o (e cog >+ e sir? 2) (3.20)

Mowh (% (%
VarP = Tw <e2y sir? >+ e” cog E) ) (3.21)

The most general type of squeezing is obtained by choosing the drift coefficient as specified
by (2.9) and the diffusion by (3.10); in this case the stationary complex measure density is
given by

Mw 2 Mw
1§ == — ——(x — pV2)? 3.22
(x, B) (mm) exp( —( ﬂf)) (3.22)
where we have useflv/2 in place ofg. As before we defingg as the normalized density
and this leads us to the density functign on settingd =h=w =1

(1 2 x? Az 2y 2 2
0= () o0~ [ (+-152) - 5 - 0P]) 62

wheren? is the natural variance of the coordinate defined by

1]1A12

2

= 3.24

=5 (3.24)
S

2 BA

= —. 3.25

Y= (3.25)

The expression (3.23) corresponds to the two photon coherent states discussed by Yuen
(1976) and Dodunowet al (1980). The states labelled by yield states very similar to
coherent states and coincide with them fof = 0. More generally whem, # 0, the

scalar product of any two members of the Hilbert space generatég, hyor two different

y is explicitly given by

11 -,
(@F,02) = exp(—3ly > = V' P+7'y) (3.26)

in conformity with equation (3.14) of Yuen (1976). If we reserve the subserifiir the
usual coherent states, we also have

Caby o (LY exp| P _laf @ ay (v
(‘f’y"l’“)‘(u expl -5~ 5 ot 5

-2 .
s <_“ Y) . ieo} (3.27)
20 \pu—v

where 6y is an arbitrary real number. The above formula is in agreement with the one
derived by Yuen (1976) provided we identify of Yuen asy ((u — v)/(u — ﬁ))%.

4. Complex coordinate representation and holomorphic extension

It is very illuminating to extend the formalism developed to the harmonic oscillator with a
complex coordinate system. We present the formalism for a general system corresponding
to a forced harmonic oscillator since this will be useful in other context like radiation in
interaction with matter.
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We start with a general Markov proce$Z(r)} which is complex measurable with
the measure of any (measurable) set being absolutely bounded. The drift and diffusion
coefficients are specified by

E{[Ze+ M) -ZW] 1 Z0) =2} _

Alinoo A —iwz + B(t) (4.1)

A”m E{[Z(1t+ A) — Z(t)][Z(tAJr A)—ZW] | Z(t) =1} —ap. 4.2)
The drift and diffusion coefficients correspond to the Langevin equation

P=—w’z+ f(1) (4.3)
and B(¢) is related tof (¢) by

f .
B(t) = / f(u) €2 du. (4.4)
0
If T1(z|zo, t) is the complex measure density, thEnsatisfies the Fokker—Planck equation
a1 Jt 3 0211
Melz00) 95 4 B — —[ iz + BT + 4D>— (4.5)
ot Bz 0207

It is shown in the appendix that (4.5) can be solved with its solution given by (A.8).
Reverting to real variables, we find

MQ)QZiwt Mo wt B+ B ws ?
e )= e o] - e 1o o= [ 250 e

t _ ) 2
+{yei“”—yo—f0 BZiBédesH} (4.6)

where 2 is chosen to be £i/2M) andz = x + iy. From the general result given earlier
we can deduce that the stationary-state solution of a free harmonic oscilBtor=£ 0)
corresponding to the ground state is

N ) = exp( L y2>). @.7)

Likewise we can mdependently deduce that the ground-state (stationary-state) solution of a
displaced oscillator with displacemegitis given by

wh

Before we discuss the implication of these results, we also present a solutibhvidren
initially the oscillator is constrained to be in the ground state rather than with coordinates
constrained ato. This is simply obtained by multiplyingl by the ground-state measure
density evaluated af, and then integrating overy and yo

(z 1) = M— ex p{ Mo [(z - / B(s) e 0t= ds) (Z - / B(s) e @t=9 ds>:| }
h 0 0

(4.9)

This formula is quite useful in developing a formalism to deal with the problem of the
interaction of radiation with matter on lines parallel to the path integral development of
Feynman and Hibbs (1965).

At the outset we note that the ground-state solution of the free harmonic oscillator given
by (4.7) is the holomorphic extension of the complex measure density (2.5). The random

M M _
g, = —i"exp(— Tw(z—ﬁ)(Z—ﬁ)) (4.8)
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variableZ = X +iY has the measure density given by (4.5) and the variances are now
given by

h
VarX =VarY = ——. 4.10
ar ar Mo ( )
If we set
. P
X = Q (coordinate) Y =— (4.11)
Mw
A w 2 A P
X:Q<:) -2 (4.12)
2h (2]1(,())5
we find
2
ni@e) = - exp(—2|z|?). (4.13)

Thus, 17 (%) can be interpreted to be the Wigner distribution. From now on we write
the place of; (misuse of notation). If we make the transformation

7= ui + v u = coshs v = & sinhs (4.14)

then by a repeated misuse of the notation, we obtain the Wigner distribution for the squeezed
state

2
) = —exp(—2luz + vZ|?)

2 1 2 2 2
:_a%____<%+1_lﬂﬂﬂ (4.15)
b

21-p)\o2 o2 OxOy

where

1 1
02 = 2=V =9 =7 (ezf sir? g +e % cod g)
1 1 0 0
2_ = Sy - v 25 i 2 ¥
of = 4(u+v)(u+v) 4<e2500522+e sir? 2)
sinh & sing
p=—T . (4.16)

The expression (4.15) has been derived by Dodwta (1980) who preferred to identify
the state as a correlated state. The results relating to the variances and other properties
obtained by Caves (1981), Yuen (1976) and Loudon and Knight (1988) follow.

A still more general state can be obtained by starting from (4.8) and then applying a
‘squeezing’ transformation (4.14); then we obtain, again retainirfgr the transformed
variable

m = 2 exp[
T

1 (x —Rea)? (y—Ima)®> 2p(x —Rea)(y —Ima)
_al—p%{ 2 2 H

Oy Oy OxOy

(4.17)

where = pa + va.
The holomorphic CMD of the displaced oscillator given by (4.8) admits an elegant
expansion in terms of complex Hermite functions (Hida 1980). We repfabg «+/2 and
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expresslly the holomorphic CMD, or rather its square root as

= <1> e><p< S -aVDE - &f2>)

T 2
(1Y oo Lt } u<_><_)
_<n> eXp[ 214"~ 21! Z(m!)%(n!)% v2) \V2)

(4.18)

This corresponds to the coherent state labelledabythe complex Hermite functional

1 1
representation being a typical one. We can now obtain the projectidly,dd) on IT; (8);
thus, we have

1 1 1 1
(1 (@), T (8)) = // ;{ exp[ - SG-ava) —&\/E)}
x exp|: - %(z — BV2)(z — Bﬁ)]} dx dy

I1

mr\)h—\

= exp[ - %m - ,3|2} (4.19)

which is the generalization of the formula f¢6 | «) in the coherent state representation
(2.30).

Next we explore the possibility of expanding any holomorphic extension of the CMD
in terms of the coherent state; this runs parallel to the development discussed in section 2.
Thus if f is the extension of any CMD then we can define the projection by

1 1 1 1
(i = [ [ mhart are. (4.20)
We expandf% in terms of Hermite functions
1 Wm(Z Z) 1 2)
I 2 _ 2. 4.21
=3 fin o p( el (4.21)
Using the expanS|on (4.18), we have
(f2.03) = fi(a & e /2 (4.22)
where
5 1 o m 6( n
a, o) = | —= — . 4.23
Jae(a, o) Z f (ﬁ) (ﬁ) (4.23)
Thus fl/z is a function ofe anda satisfying positive definiteness
fip(@, @) = fijp(e, &). (4.24)

It is to be noted that there still remains the problem of arriving at an holomorphic extension
in cases other than Gaussian. It is in this context the generalization of-fluection
introduced earlier assumes significance.

At this stage some general remarks are in order. The amplitude function corresponding
to ¢, as given by (3.23) as well as the Wigner distribution (4.15) was derived by Dodunov
et al (1980) using the conventional Hilbert space approach. The coefficient?¢2:(?)
under the exponent in (3.23) is taken to be the complex parametérA(1—r2)z) andr is
identified as the correlation coefficient of the conjugate variables. Dodenalvattempt to
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explain away the apparent conflict with the complementarity principle by the statement that a
knowledge of the existence of the correlation coefficient implies an enhanced (uncertainty)
value of the product of the variances. This should be contrasted with the approach of
Caves (1981), Yuen (1976) and Loudon and Knight (1987) who always avoid any statement
on the existence or otherwise of the correlation coefficient. Now the results provided
in sections 2 and 3 also avoid any reference to the joint distribution of coordinates and
momentum; in fact the results presented in sections 2 and 3 are in strict conformity with the
complementarity principle; the results relating to the coordinate are derived first and those
relating to momentum are then derived by the extended principle of duality. Although the
expression forp, given by (3.23) is in agreement with the one derived by Dodunov, the
CMFT cannot determine the constanidentified asA,/A1, even by a thought experiment.
When the physically observable modulus measure transformation is malijgs out of the
picture. Thus the CMTF avoids any reference to the joint distribution/correlation between
the coordinate and momentum. However, the situation gets drastically altered when the
complex measure density for the complex coordinate is introduced; identifying the complex
measure density as the Wigner distribution tacitly assumes the existence of the joint measure
density although in a complex measure theoretic sense. Thus the Fokker—Planck equation
for the measure density has a transparency, albeit a bit embarassing. If complementarity
has to be preserved absolutely in its best form, it is prudent to avoid the use of the results
presented in this section; the results presented in sections 2 and 3 are viable enough to
describe all the situations we are likely to encounter in fundamental physics.

5. Summary and conclusions

In this paper we have worked within the measure theoretic framework to discuss the basic
formulation of a coherent state and squeezed coherent state with the harmonic oscillator as
the basic building block. The motion of the quantum harmonic oscillator is identified as a
complex measurable stochastic process with a Markov property; an appropriate choice of
the drift and diffusion function leads to the correct complex measure density in configuration
space. The diffusion function which fixes the scale of the variance plays a key role; different
choices of the diffusion function lead to different types of complex measure density. The
complex measure density function or rather its square root by virtue of the constraints
imposed generates a suitable Hilbert space framework. We have shown that the CMTF
is versatile enough to describe diverse situations and yield many of the properties of the
coherent states and squeezed coherent states. A general harmonic oscillator with complex
coordinates has also been discussed; in particular we have shown that this leads to a
Fokker—Planck equation whose solution can be identified with the Wigner distribution in
special cases. The logical problems that arise by the introduction of complex coordinates
along with their identification as conjugate variables have also been discussed. While the
complex coordinate representation and the holomorphic extension of the CMD may appear
to be powerful, it should be conceded that it has a limited role in the description of quantum
phenomena in view of its apparent conflict with complementary principles.
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Appendix

Our starting point is the Fokker—Planck equation (4.3) satisfiedlby We convert the
equation using real variables. Thus the equation becomes

Ol ATI /. B+B _ ATl (. B—-B D[ 3> 97
— = —Viwx — 2iwll + — | iwy — —|—+— )II. (A1l
ot ax(wx 2 )+ @ +ay(wy 2i >+2(8x2+8y2> A1)
By introducing the characteristic coordinatésf) by

t
g:xei“”—%/(B—i-B)ei‘”ds (A.2)
) 1 ° t .
n=y — —i/ (B—B)e™ ds (A.3)
2 Jo
and setting
M(x,y, 1) =€ pE, 1) (A4)
we obtain
2 _pe (25 20)
= D¢ <agz + ) (A.5)
The solution for the initial condition
II(x,y,0) =68(x — x0)8(y — yo) (A.6)
is given by
_ Mw _ Mo a2 B 2
i T exp[ (@ 1)[($ £0)” + (n — o) ]} : (A.7)

We thus have

I 1= Mo exp| — —a® g — —/IB é* d
R T T R T TS S

X <Z g — 70— / B(s) € ds)] (A.8)
0
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